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An asymmetrical constriction in a pipe functions as an imperfect gas diode for acoustic oscillations
in the pipe. One or more gas diodes in a loop of pipe create substantial mean flow, approximately
proportional to the amplitude of the oscillations. Measurements of wave shape, time-averaged
pressure distribution, mass flow, and acoustic power dissipation are presented for a two-diode loop.
Analysis of the phenomena is complicated because both the mean flow and the acoustic flow are
turbulent and each affects the other significantly. The quasi-steady approximation yields results in
rough agreement with the measurements. Acoustically driven heat-transfer loops based on these
phenomena may provide useful heat transfer external to thermoacoustic and Stirling engines and
refrigerators. ©2004 Acoustical Society of America.@DOI: 10.1121/1.1804634#

PACS numbers: 43.35.Ud, 43.25.Nm, 43.25.Qp@RR# Pages: 2923–2938
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I. INTRODUCTION

Stirling’s hot-air engine1,2 of the early 19th century wa
one of the first heat engines to use oscillating thermodyn
ics of a gas in a sealed system. Since then, a variety
related engines and refrigerators has been developed, in
ing Stirling refrigerators,1,3 Ericsson engines,4 orifice pulse-
tube refrigerators,5 standing-wave thermoacoustic engin
and refrigerators,6 free-piston Stirling engines an
refrigerators,7 and thermoacoustic-Stirling hybrid engine
and refrigerators ~also known as traveling-wav
systems!.8–11 Combinations thereof, such as the Vuilleumi
refrigerator12 and the thermoacoustically driven orifice puls
tube refrigerator,13 have provided heat-driven refrigeratio
Today, the efficient, mature members of this family of e
gines and refrigerators are in use in several niche mark
ranging from small cryocoolers with cooling powers belo
10 W to large engines~e.g., for submarine propulsion! with
powers near 100 kW.

Much of the recent evolution of this family o
oscillating-gas thermodynamic technologies has been dr
by the search for simplicity, reliability, and low fabricatio
costs through the elimination of moving parts, especia
elimination of moving parts at temperatures other than a
bient temperature, without seriously compromising e
ciency. For example, the orifice pulse-tube refrigerator la
the cold piston of previous cryogenic Stirling refrigerato
the free-piston Stirling engine lacks the crankshafts and c
necting rods present in previous Stirling engines; and
thermoacoustic-Stirling hybrid engine eliminates pistons p
viously needed.

Heat exchangers may offer a second opportunity for d
matic improvement in simplicity, reliability, and low fabrica
tion cost, particularly in engines and refrigerators of hi
power. All engines and refrigerators must reject waste hea
ambient temperature, and the ambient heat sink is o

a!Electronic mail: swift@lanl.gov; URL: www.lanl.gov/thermoacoustics/
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available as a flowing air stream or water stream. Engi
must also accept heat from a heat source at a higher temp
ture, e.g., a stream of combustion products from a bur
Refrigerators must withdraw heat from a load at lower te
perature, which is sometimes in the form of a flowin
stream; examples include a stream of indoor air to be coo
and dehumidified and a stream of oxygen to be cooled
cryogenically liquefied. Hence, the typical heat exchange
these engines and refrigerators must transfer heat betwe
steadily flowing ‘‘process fluid’’ stream such as these and
oscillating thermodynamic ‘‘working gas’’~often pressurized
helium!.

In large, high-power engines and refrigerators, the th
mal conductivity of solids is insufficient to carry the require
heats without significant temperature differences, so g
metrically complicated heat exchangers must usually be u
to interweave the process fluid and the working gas, bring
them into intimate thermal contact. A shell-and-tube h
exchanger14 is typical. In the orientation of Fig. 1~a!, the
working gas oscillates vertically through the insides of t
many tubes, while the process fluid flows horizonta
around and between the outsides of the tubes. Features
cific to oscillating-gas engines and refrigerators impose
fortunate constraints on such heat exchangers as they
scaled up to higher power. Higher power demands m
heat-transfer surface area, lest the efficiency suffer. Howe
tube lengths cannot be increased, because having such
lengths greater than the oscillatory stroke of the working
does not effectively transfer more heat. Hence, the obvi
approach to scaleup is to increase the number of tube
proportion to the power, keeping the length and diamete
each tube constant. Such heat exchangers can have hun
or thousands of tubes, causing expense~because many part
must be handled, assembled, and joined! and unreliability
~because many joints must be leak tight!. Thermally induced
stress poses an additional challenge to reliability when su
geometrically complex heat exchanger is at an extreme t
2923923/16/$20.00 © 2004 Acoustical Society of America
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perature, i.e., a red-hot temperature for an engine or a c
genic temperature for a refrigerator.

Another shortcoming of the heat exchangers
oscillating-gas engines and refrigerators is that they o
must be located close to one another, simply because
heat exchanger must be adjacent to one end or the oth
the nearest stack, regenerator, pulse tube, or thermal b
tube, and these components themselves are typically s
The practical importance of this shortcoming is easily app
ciated by considering the food refrigerator in the typic
American kitchen. Its ‘‘vapor compression’’ cooling techno
ogy allows complete flexibility in the geometrical separati
of the cold heat exchanger, where heat is absorbed from
inside of the cold box, and the ambient heat exchan
where waste heat is rejected to the air in the kitchen, ty
cally behind or under the refrigerator cabinet. With vap
compression technology, not only can these heat exchan
be located freely, but their shapes can be chosen as ne
for their circumstances, e.g., to accommodate fan-driven
natural convection, and to fit in and around the desired sh

FIG. 1. ~a! A portion of an oscillating-gas engine or refrigerator, containi
a shell-and-tube heat exchanger or other traditional cross-flow heat
changer. The heat exchanger is below a stack or regenerator, and is ab
pulse tube, thermal buffer tube, or open duct. The oscillating flow of
working gas~e.g., pressurized helium! is vertical throughout. The stead
flow of the process fluid~e.g., water! is horizontal through the heat ex
changer.~b! A portion of an oscillating-gas engine or refrigerator, in whic
the traditional heat exchanger has been replaced by a single externa
one wavelength long. Gas diodes at the velocity maxima create mean
which steadily transfers heat between the process fluid outside the pipe
the engine or refrigerator to which the pipe ends are attached.~c! Qualitative
plot of volume velocityU as a function of locationx in the pipe, at four
equally spaced timest during a cycle of the wave. The zero of time phase
when the pressure in the mixing chamber is a maximum.
2924 J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W.
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of the cold box or cabinet. In contrast, when one tries
adapt an oscillating-gas refrigerator to this application,
cold heat exchanger and ambient heat exchanger mus
very close together, separated only by the regenerato
stack, whose length is typically only several centimete
Hence, intermediate heat transfer equipment, such as
pipes or pumped-fluid heat-transfer loops, must typically
used. These add complexity and expense.

To explore a new way to circumvent these shortcomin
we have begun to investigate the alternative heat-excha
scheme illustrated in Fig. 1~b!. This resonant, self-pumped
circulating thermoacoustic heat exchanger is a single pipe~or
a few in parallel!, which could be bent or coiled compactl
with a length equal to one wavelength of sound in the wo
ing gas in the pipe at the frequency of the engine’s or refr
erator’s oscillation. Both ends of the pipe are attached
‘‘branches’’ to the ‘‘trunk’’ where a traditional heat ex
changer would be expected. Oscillations of the gas in
pipe are caused by those in the trunk. Two gas diodes ar
the pipe, each located a quarter wavelength from one en
the pipe. These create nonzero mean flow, so the motio
the working gas in the circulating heat exchanger is a sup
position of oscillating flow and steady flow. Most of the e
tensive outside surface area of the pipe is available for th
mal contact with the process fluid, which can flow eith
parallel or perpendicular to the pipe. The mean flow in t
loop carries heat between this surface area and the mi
chamber in the trunk.

The gas diodes are the key to the heat-transfer circ
tion in Fig. 1~b!. These are nonlinear flow elements havi
different flow resistances for flow in different directions. G
diodes are typically much less perfect than electronic diod
often with a ratio of backward and forward flow impedanc
less than a factor of 10. Gas diodes include the vortex dio
described by Mitchell,15 the valvular conduit described b
Tesla,16 and the conical and tapered structures called
pumps in some recent publications.10,17

The fact that the length of the pipe in Fig. 1~b! is one
wavelength of sound leads to beneficial features, illustra
in Fig. 1~c!. The gas diodes are located where the oscillat
volume velocity18 is a maximum, so they can create a lar
time-averaged pressure difference and a large mean flow
explained more fully below. Meanwhile, the ends of the pi
are locations of minimal oscillating volume velocity, so th
connecting the pipe to the trunk perturbs the oscillations
the trunk minimally. Figure 1~c! illustrates such minimal per
turbation with the pipe ends presenting a real impedanc
the trunk, but a slightly shorter pipe would add a positi
imaginary part to that impedance, which could be useful
canceling unwanted compliance in the trunk. Estimates in
cate that the mean flow can be many times larger than
oscillating flow amplitude where the pipe joins the trun
Fig. 1~c! illustrates it as 2.4 times larger.

A nonresonant but otherwise similar concept was
scribed by Mitchell15 for a particular case: the heat ex
changer at the ambient end of the pulse tube of an ori
pulse-tube refrigerator. Mitchell replaced this particular h
exchanger and the orifice by a heat-transfer loop contain
one or more gas diodes to convert some of the oscillat
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power in the wave into mean flow of the working gas arou
the loop. The dissipation in the gas diode~s! and other acous
tic dissipation in the loop serve the dissipative function
the original orifice, and the surface area along the entire p
length of the loop serves the function of the original he
exchanger.

We undertook the work described here to investigate
main issues that are involved with using the resonant s
pumped loop for heat transfer. The insulated, electrica
heated or water-cooled resonant loop described below
attached at both ends to a mixing chamber, where the so
wave was generated by a motor-driven piston and where
from the electrically heated loop was rejected to wat
cooled heat exchangers. Thermocouples monitored the
perature rise as the gas circulated through the insula
heated loop; pressure transducers detected the oscilla
pressure associated with the wave and the time-avera
pressures associated with the mean flow. Most features o
experimental results are explained qualitatively by treat
the oscillatory and mean flows as independently super
posed except at the gas diodes. The use of the quasi-st
approximation to analyze interactions of the oscillatory a
mean flows throughout the loop, occurring through the D
pler effect and the nonlinearity of turbulent flow resistan
provides a better, reasonably quantitative interpretation
the measurements. An appendix summarizes the mos
dious aspects of the application of the quasi-steady appr
mation to this situation.

II. APPARATUS AND PRELIMINARY MEASUREMENTS

From among the low-cost gases, we chose argon
mean pressurepm52.4 MPa for this investigation, becaus
its high density gives it a low sound speed and small visc
and thermal penetration depths, which helped to keep
size of the apparatus and the thermal and acoustic po
small enough for easy experimentation. We chose;50 Hz
for the operating frequency and;2 cm for the inside diam-
eter of the pipe, for compatibility with a linear motor an
piston ~described below! that were available in our lab.

The apparatus is illustrated in Fig. 2. The on
wavelength loop shown in Fig. 2~a! had a total length of 6.33
m and was made mostly of seamless stainless-steel pipe
an inside diameterDpipe52.21 cm. Long-radius elbows an
fittings19 smoothly matched this pipe’s inside diameter.
valve at the velocity node halfway around the loop, at the
of Fig. 2~a!, could be used to stop and start the mean fl
while leaving the acoustics mostly undisturbed. Two ge
metrically identical sets of piping—one with thermocouple
heaters, and thermal insulation, the other cooled by flow
water—could be easily interchanged as desired for differ
types of measurements. For example, equilibration of
temperature profile around the loop required hours with
insulated pipes, but steady state could be reached in a
minutes with the water-jacketed pipes.

Gas diodes were located 1/4 and 3/4 of the way aro
the loop. Each was a machined brass cylinder with fittin
brazed onto the ends, as shown in Fig. 2~b!. The inside sur-
face was a smooth cone 13.3 cm long, tapering from the 2
cm diameter of the loop piping at its large end toDgd
J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W. Swift a
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51.4 cm diameter at its small end, so the angle between
cone wall and the centerline was 1.75°. The inner edge at
small end was rounded with a radius of 2.3 mm. These
mensions were chosen to minimize acoustic power diss

FIG. 2. Scale drawings of the apparatus.~a! Overview of the entire appara
tus, except for the linear motor and its pressure housing below the bot
The gas diodes were located 1/4 and 3/4 of the way around the loo
piping, and the valve was halfway around. The locations of most of
thermocouples~‘‘T’’ ! and pressure sensors~‘‘P’’ ! in the apparatus are show
in this view. The four long, straight runs of pipe~each having five thermo-
couples! were wrapped with heating blankets. The entire loop was th
wrapped with thermal insulation. However, for some measurements,
alternative straight runs of pipe were used, each having a water jacke
stead of the thermocouples, heater blanket, and insulation. The spatial e
of the heating blankets and water jackets is shown in the upper right~b!
Detailed view of one of the gas diodes, also showing how the fittings co
apart.~c! Detailed view of the drive assembly. The piston, driven by a line
motor, insonified the apparatus. The two optional heat exchangers reje
heat to flowing water at ambient temperature. Temperature and pres
sensors not shown in~a! are shown here. Bolts holding the drive assemb
together are not shown.
2925nd S. Backhaus: Self-pumped thermoacoustic heat exchanger
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tion and to minimize the flow resistance into the small e
while simultaneously generating a large time-averaged p
sure difference, according to the analysis presented in
III A.

Eight piezoresistive pressure transducers20 were arrayed
along the loop as shown in Fig. 2~a!, and two more were
located in the drive assembly as shown in Fig. 2~c!. A lock-in
amplifier21 was used to measure their oscillating voltage a
plitudes and phases to obtain the complex pressure ampl
p1 at each location, and a five-digit voltmeter was used
measure their average voltages for calibration checks an
obtain the second-order, time-averaged pressuresp2,0 associ-
ated in part with the mean flow around the loop.22 The ref-
erence side of the pressure transducer near the piston in
2~c! was always at atmospheric pressure, while the refere
sides of the other nine transducers were held at 2.4 MP
that the temperature dependence of the transducers’ gain
not interfere with the measurements ofp2,0—otherwise, a
small drift in temperature would have caused a large drif
average voltage, masking the small voltage changes du
time-averaged pressure. The four transducers closest to
two gas diodes were connected to the loop through th
walled stainless-steel capillaries 4 cm long and 0.6 mm
so that their temperatures were minimally affected by
wave in the pipe; this feature is discussed in more detai
Sec. III B. Simple modeling of the acoustics of these ca
laries and the volumes associated with the transducers
cated that the amplitude drop along the capillary was o
0.1% and the phase shift was only 0.2°.

Figure 3~a! shows measurements ofp1 for a typical
wave with the loop valve closed to prevent mean flow. T
corresponding calculated curves in Figs. 3~a! and 3~b! were
generated straightforwardly by integrating the acoustic m
mentum and continuity equations with DeltaE,23 using
‘‘cone’’ for each gas diode’s tapered portion and ‘‘duct’’ fo
the rest of the loop.~DeltaE’s wall roughness factor for tur
bulence was set at 531024. Under the conditions of Fig. 3
turbulence is expected in the gas-diodes’ cones and nea
maxima in volume velocityuU1u in the 2.21-cm-i.d. pipe,
where the gas displacement amplitude over viscous pen
tion depth isuj1u/dn5830 and the Reynolds-number amp
tude uNR,1u5uU1uDpiperm /Spipem5580 000, whereD is di-
ameter,rm is mean density,S is cross-sectional area, andm
is viscosity.! An ‘‘impedance’’ at the small end of the con
accounted for the extra dissipation caused by the abrupt
change there, calculated as described near Eq.~19! in Sec.
III A. To produce the calculated curves in Fig. 3, the me
pressure, temperature, frequency, and the pressure oscill
amplitude in the mixing chamber were fixed at the expe
mental values. The agreement between the measured an
culated pressure waves in Fig. 3~a! is excellent, inspiring
confidence that the calculated wave of volume velocityU1 is
accurate, too. The left-right symmetry in Figs. 3~a! and 3~b!
is nearly perfect: The asymmetry of the two gas diodes’ o
entations has a very small effect on the wave when the v
is closed.

Obtaining meaningful measurements of time-avera
pressure required a multi-step procedure. First, the ti
averaged voltages from the pressure transducers were
2926 J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W.
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corded while the apparatus was running in steady state. N
the power to the drive piston was shut off and a valve w
opened to equalize the pressures above and below the p
more quickly than would otherwise have occurred throu
the leakage around the piston. Time-averaged voltages w
again recorded from each transducer, and these were
tracted from the earlier measurements. This subtraction
counted for different transducers having different offset vo
ages. These voltage differences were multiplied by
calibration constants of the transducers to yieldp2,08 for each
transducer. However, these values ofp2,08 included a large
common-mode effect of no interest to us, due mostly to
front-to-back time-averaged pressure difference across
moving piston, generated in part by nonlinear leakage p
the piston. Hence, the common-mode part ofp2,08 was elimi-
nated by subtractingp2,08 in the mixing chamber from its
value at each of the transducers, yieldingp2,0. Figure 3~c!
shows a typical set of such results, withp2,0[0 in the mix-
ing chamber~at x50 andx56.33 m) a consequence of th
procedural definition ofp2,0.

FIG. 3. A typical wave, with 2.4-MPa argon at 48.4 Hz, using the wat
cooled loop and with the valve closed to enforce zero mean flow, a
function of position around the loop, withx50 andx56.33 m where the
loop meets the mixing chamber. Both gas diodes were oriented to encou
flow in the positive-x direction, with their small ends toward smallerx. ~a!
Real and imaginary parts of the pressure wave. Points are measured v
and lines are calculations.~b! Calculated real and imaginary parts of th
volume-velocity wave. In~a! and~b!, the standing-wave components are
much larger than the out-of-phase components that the latter have
multiplied by 10 for clarity. The zero of time phase is chosen so that
pressure oscillations in the mixing chamber are real.~c! The time-averaged
pressure as a function of position, relative to its value in the mixing cha
ber. Points are measured values and lines are calculations. The two ve
dotted lines are at the small-x, small-diameter ends of the gas diodes. T
vertical discontinuity is at the valve.
Swift and S. Backhaus: Self-pumped thermoacoustic heat exchanger
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The calculated curvep2,0(x) shown in Fig. 3~c! includes
both reversible nonlinear effects and irreversible nonlin
effects. The reversible effects arise from what can be loos
described as the acoustic version of Bernoulli’s equati
with low time-averaged pressure at locations of high tim
averaged velocity. The well-known lossless expression24,25

obtained by properly time averaging lossless equations
fluid mechanics

p2,0~x!5
up1~x!u2

4rma2 2
rmuU1~x!u2

4@S~x!#2 1C, ~1!

wherea is the sound speed, withp1 andU1 from Figs. 3~a!
and 3~b!, was used to compute the smoothly varying portio
of the curve of Fig. 3~c!. The two steep portions of the soli
curve in Fig. 3~c!, extending below the bottom of the grap
indicate the contribution ofS(x) in the conical tapers of the
gas diodes to Eq.~1!.

The three abrupt steps in the curve of Fig. 3~c!, two
~dotted lines! at the small ends of the gas diodes and the th
~no line! at the valve, mark changes in the constantC in Eq.
~1! from region to region in the apparatus. The small end
each gas diode generates its step inp2,0 from a combination
of the effect of the step in area in Eq.~1! and the irreversible
‘‘minor loss.’’ 26 The algorithm used to calculate the magn
tude of the minor-loss contribution is described in Sec. III
The steps inp2,0 located at and caused by the gas diod
impose their sum across the valve atx53.2 m, where the
pressure difference of 4 kPa represents the effect that enc
ages nonzero mean flow as soon as the valve is opened
experimental values of these irreversible steps shown in
3~c! are about 10% smaller than the calculated values. O
than this discrepancy, which is examined in more detai
Sec. III B, the agreement between the experimental and
culated values in Fig. 3~c! is excellent.

The insulated pipes included type K thermocouples a
electric-resistance heaters with locations as shown in Fig
The 22 thermocouples on the loop itself were spot welde
the outside of the pipe and were approximately equa
spaced, except for a larger gap across the valve at the
Wrapped around the outside of the straight sections of
loop were flexible heaters,27 with power delivered by a vari-
able autotransformer and measured with an electronic po
meter.28 Surrounding the heaters and all the unheated part
the loop was a layer of flexible foam insulation, 2 cm thic
of the type often used to insulate residential hot water pip
Measurements with the heaters and thermocouples and
no acoustics showed that the thermal conductance thro
this insulation was 2 W/°C, about twice the value estima
from the dimensions and the nominal insulating value ‘‘R5
the excess presumably due to imperfections associated
the valve, fittings, pressure transducers, elbows, etc., and
fact that the heaters covered only the convenient long p
of the loop. To reduce this heat leak, an additional layer
rigid fiberglass insulation~of the type often used to cove
industrial steam pipes! was added to the straight portion
bringing their total diameter to 11.4 cm, and 3–5 cm of s
fiberglass was added around the elbows and valve~including
the valve handle!. This reduced the measured thermal co
ductance through the insulation to 1.15 W/°C. Figure
J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W. Swift a
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shows measurements of the temperature distributionT(x) for
three simple circumstances, giving some indication of
variability in local temperatures resulting from spatial no
uniformity in coverage by the electric heaters, acous
power dissipation, and thermoacoustic heat pumping. W
electric heat and no acoustic oscillations, the thermocou
closest to the unheated portions~the gas diodes and th
valve! are the coolest. With the most intense acoustic os
lations, the thermocouples near the gas diodes, where d
pation of acoustic power is highest, are the warmest.

Connecting both ends of the loop to the driving syste
at the bottom of Fig. 2~a! and shown in more detail in Fig
2~c!, was the ‘‘mixing chamber.’’ The mixing chamber wa
an open cylindrical space 10.2 cm in diameter and 3.18
tall, with the loop connections at diametrically opposite l
cations. In addition to the pressure transducer mounted in
side wall, the mixing chamber contained five thermocoup
extending into the gas itself, axially centered and at vario
radial and azimuthal positions. A sixth thermocouple e
tended into the loop 5 cm, on the ‘‘hot’’ side, i.e., the sid
delivering mean flow from the loop to the mixing chambe

Water-cooled heat exchangers above and below the m
ing chamber, shown in Fig. 2~c!, were included when neede
to remove heat from the system. Each heat exchanger w
cross-drilled brass block, with 404 holes of 2.26 mm dia
eter and 20.6 mm length through which the argon oscilla
vertically, and 51 perpendicular holes of the same diame
and various lengths up to 10.2 cm through which ambie
temperature water flowed horizontally.

The oscillations in the system were driven by an osc
lating piston of 10.16 cm diameter, below the lower he
exchanger. The piston was driven in turn by a linear mo
not shown in Fig. 2. The base plate, piston, and motor ca
as a complete package from the motor manufacturer,29 with
the motor housing sharing the same gas and mean pres
as the experimental system, so that perfect piston sealing

FIG. 4. TemperatureT as a function of positionx around the loop for three
base line circumstances with the valve closed. Open circles: no aco
power, 41 W applied with electric heaters, 1.15 W/°C insulation. Inver
triangles: No electric heat, 53 W of acoustic power applied with pis
(up1u5152 kPa in the mixing chamber!, 2 W/°C insulation. Erect triangles
No electric heat, 124 W of acoustic power applied with piston (up1u
5207 kPa in the mixing chamber!, 2 W/°C insulation. The points atx50
andx56.33 m are temperatures inside the mixing chamber; other points
temperatures on the wall of the loop.
2927nd S. Backhaus: Self-pumped thermoacoustic heat exchanger
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d an
unnecessary and the gas exerted no significant time-aver
force on the piston.

A mutual-inductance-based linear variable displacem
transducer30 ~LVDT ! was mounted on the motor to indica
the piston’s mean positionjm and its complex displacemen
oscillation amplitudej1 . The LVDT was electrically excited
at 10 kHz and monitored by a lock-in amplifier21 operating at
that frequency. With the lock-in time constant at 3 s, t
LVDT–lock-in combination was calibratedin situ by driving
the motor with enough dc current~first of one sign, then of
the other! so that an opaque edge moving with the piston h
blocked the light path of either of two light-emitting diod
~LED!-photodiode sets. The known distance between the
LED-photodiode sets and the lock-in readings at the t
positions yielded the calibration of the LVDT–lock-in com
bination. For measurements ofjm , this lock-in’s time con-
stant was kept at 3 s. For measurements ofj1 , this lock-in’s
time constant was set at 10ms, and its output was fed to th
input of the lock-in used to measurep1 . With the piston
moving at 50 Hz at just the right amplitude, comparison
the LVDT signal with the signals from the photodiod
showed that these measurements ofj1 are accurate to 1% in
amplitude and 1° in phase.

To establish more confidence in the measurement ofj1 ,
we temporarily replaced the loop, mixing chamber, and h
exchangers with the shortest possible 10-cm-diam cylin
and a dummy load, i.e., a valve functioning as a varia
resistance in series with a tank of known volumeV. The
powers dissipated in the load31 and delivered by the piston
are given by

Ėload>
vV

2gpm
Im@p1,pist p̃1,tank#, ~2!

Ėpist52
vSpist

2
Im@p1,pist j̃1#, ~3!

where v52p f , f is the drive frequency,g is the ratio of
isobaric to isochoric specific heats, and the tilde deno
complex conjugation. Figure 5 shows a comparison of th
powers for two different pressure amplitudes as the varia
resistance was changed. The fact that the observed slop
this plot are close to unity confirms the accuracy of the m
surements ofĖpist and, hence, ofuj1u and the phase betwee
j1 andp1 .

The vertical offsets of the two sets of measurements
Fig. 5 depended on pressure amplitude and were larger
could be accounted for simply by thermal-hysteresis los
on the surface of the short 10-cm-diam cylinder. We assu
that the excess is due to oscillatory leakage past the pis
Measurements of this excess power dissipation as a func
of amplitude are fit well by

Ėleak5~0.000 14 W/kPa2.25!up1u2.25. ~4!

Some aspects of this leakage dissipation~e.g., the depen-
dence ofĖleak on uj1u andjm) were not fully explored at the
detailed level of a few watts. Greater care was not justifi
because other dissipative effects in the mixing chamber, s
as the effect of amplitude-dependent turbulence on
thermal-hysteresis losses on the surfaces of the heat exch
2928 J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W.
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ers, are not understood at that level of detail. Overall,
estimate that the measurements of the acoustic power d
ered to the mixing chamber by the piston have an uncerta
of about 2% due to sensor-calibration uncertainties plu
few watts due to this leakage dissipation.

During the course of the measurements, with tempe
ture often a significant function of locationx around the loop
and with mean flow often nonzero, an easy experimen
definition of loop resonance was needed so that the d
frequency could be chosen without having to map out
entire wave as shown in Fig. 3~a!. We decided to use the
condition

Re@j1 /p1,pist#520 mm/kPa ~5!

to define resonance, wherep1,pist is the complex pressure
oscillation amplitude above the piston and the numeri
value of 20mm/kPa is obtained from the calculated comp
ance of the mixing chamber, heat exchangers, and adja
10-cm-diam spaces in the driver assembly. The numer
value varied slightly with amplitude, becausejm varied
slightly. For left-right symmetry in the loop, Eq.~5! implies
that the impedances of both branches from the mixing ch
ber to the loop are real, an unambiguous definition of lo
resonance frequency. For more general, asymmetrical co
tions, Eq.~5! implies that the sum of the imaginary parts
the inverse impedances of the two branches is zero, so th
one end of the loop looks inertial the other must look co
pliant. Before recording any other data, measurements oj1

andp1,pist were obtained, Re@j1 /p1,pist# was computed,f was
adjusted, and the process was repeated until Eq.~5! was sat-
isfied. This typically took only 1 min to reach a resonan
frequency precise to60.01 Hz. However, the accuracy o
the resonance frequency determined in this way was in do
60.5 Hz. The numerical value used in Eq.~5! was uncertain
because of uncertainty in how much of the calculated co
pliance volume, which included the heat-exchanger p
sages, should be regarded as isothermal instead of adiab
The more accurately known value of 17.4mm/kPa was used

FIG. 5. Acoustic power delivered by the piston,Ėpist , as a function of

acoustic power delivered to the dummy load,Ėload. Circles, up1u
5240 kPa in the mixing chamber. Squares,up1u5170 kPa in the mixing
chamber. The straight line, a guide to the eye, has a slope of unity an
arbitrary vertical offset.
Swift and S. Backhaus: Self-pumped thermoacoustic heat exchanger
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for measurements when the heat exchangers were omitt
With the water-cooled pipes in use, the experimen

resonance frequency defined in this way decreased when
valve was opened at fixed acoustic amplitude. The decre
varied from 0.5% at low amplitude to 0.7% at high amp
tude. Most of this change can be attributed to the 0.4%
crease in length of the loop as the passage inside the ‘‘b
of the valve became part of the acoustic path. The exp
mental resonance frequency increased quadratically
acoustic amplitude, by 0.6% from low amplitude toup1u
5240 kPa when the valve was closed and by 0.8% when
valve was open. How much of this rise is attributable
temperature rise in the gas is unknown. Note that abo
third of the acoustic power dissipation in the loop occurs
the gas diodes, which are at velocity maxima of the wa
where a change in temperature has the largest effect on
resonance frequency.

In the calculations plotted in Fig. 3 and throughout t
rest of the paper, the experimental frequency was used in
calculations. Forcing the calculations to mimic the expe
mentally defined resonance~i.e., to zero the sum of the ca
culated imaginary parts of the impedances of the two end
the loop at the mixing chamber! could be accomplished ei
ther by setting the calculation’s frequency 1% above the
perimental resonance frequency or by reducing the calc
tion’s temperature by 2% to reduce the sound speed by
However, this alternative calculation scheme made little d
ference in other calculated results.

III. CIRCULATING MEAN FLOW

A. Theory

In Fig. 3~c!, the step inp2,0 across the valve shows tha
the loop is ready to deliver nonzero time-averaged mass
Ṁ in the positive-x direction as soon as the valve
opened.22 In this subsection, analysis directed toward und
standing such time-averaged effects is presented. This an
sis is based on simple assumptions, but nonetheless cap
many of the experimental features described below. T
quasi-steady approximation is central: We proceed as if
results of steady-flow analysis can be applied at each ins
of time without memory of recent past history.

The irreversible part of the turbulent-flow pressure d
ferencedp across any lumped element, including minor-lo
components such as gas diodes, is conventionally32 ex-
pressed using the minor-loss coefficientK

dp5Kru2/2, ~6!

wherer is the gas’s density andu is its velocity at a refer-
ence location in the lumped element. Hence, for super
posed steady and oscillatory flows, the irreversible par
the time-averaged pressure difference developed across
component due to the time-dependent flow through it can
estimated using
J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W. Swift a
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dp5
v

2p R
0

2p/v

dp~ t !dt ~7!

5
v

2pS2 F E
t0

p/v2t0
K1

1

2
r~ uU1usinvt1Ṁ /r!2dt

2E
p/v2t0

2p/v1t0
K2

1

2
r~ uU1usinvt1Ṁ /r!2dtG , ~8!

whereK1 andK2 are the minor-loss coefficients for the tw
directions of flow through the component,S is the area on
which theK ’s are based~conventionally, the smallest cross
sectional area of the component!, t is time, andt0 is the time
at which the volume velocity crosses zero, i.e.,t0 satisfies
uU1usinvt01Ṁ/r50. ~If uṀ /ru.uU1u, no solution fort0 ex-
ists, and either theK1 or K2 integral is carried out from 0 to
2p/v. Otherwise, the zero crossing with2p/2,vt0,0 is
chosen.! Equation~8! is a straightforward extension of th
discussion near Eq.~7.76! in Ref. 33.

Our choice of notation for the steady flow calls for som
explanation, because no choice seems completely satis
tory. Results below show thatṀ is approximately propor-
tional to the first power of the amplitude of the wave and
comparable in size tormuU1u, but a subscript ‘‘1’’ would be
misleading because it would improperly suggest thatṀ is
complex or oscillatory. A subscript ‘‘m’’ would inappropri-
ately suggest that this steady flow exists in the absence o
sound wave~just aspm and rm exist in the absence of th
wave!. We have chosen to useṀ , without subscripts, be-
cause it is simple and because the most reliable meas
ments described below detect mass flow, not volume fl
The mass flowṀ in this paper should not be confused wi
the much smaller, second-order time-averaged mass
Ṁ25 1

2Re@r1Ũ1#1rmU2,0 in previous work.10,11,33

Assuming that all variables exceptt itself are indepen-
dent of time, performing the integrals in Eq.~8! yields the
irreversible second-order time-averaged pressure differe

dp2,052K2~Ṁ2/2rmS21rmuU1u2/4S2! for «<21 ~9!

5
rmuU1u2

8S2 ~K12K2!H 112«21
K11K2

K12K2

2

p

3@~112«2!sin21 «13«A12«2#J for u«u<1 ~10!

5K1~Ṁ2/2rmS21rmuU1u2/4S2! for «>1, ~11!

where the flow-rate ratio«5Ṁ /rmuU1u. Our gas diodes op-
erate withu«u,1, so that the flow passes through zero twi
during each cycle. Whenu«u.1, the flow is unidirectional.
Signs have been chosen so that positivedp discourages posi-
tive Ṁ andK1 corresponds to flow in the1x direction.

To obtaindp2,0
gd for our gas diodes’ geometry from Eq

~10!, we use the well-established Borda–Carnot expressio34

K25~12Sgd/Spipe!
2 ~12!

for minor-loss flow through the abrupt expansion fromSgd to
Spipe to obtain K250.364. We combine equations and
2929nd S. Backhaus: Self-pumped thermoacoustic heat exchanger
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chart from Ref. 32, for an abrupt contraction with a round
edge plus a term accounting for radial nonuniformity in
short conical expander, to obtainK150.04. These quasi
steady estimates and the entire quasi-steady approach
duced in Eq.~8! should be accurate for oscillatory flow if th
Reynolds number is sufficiently high and if the gas displa
ment is sufficiently large. For the conditions of Fig.
uNR,1,gdu5uU1uDgdr/Sgdm5920 000, butuj1u/Dgd is only 9,
the latter condition perhaps not extreme enough for comp
confidence in the quasi-steady approximation.35,36

Equations~9!–~11! with K15K2 still depend on«, so
apparently the oscillatory flow affects the time-averag
pressure drop acrosssymmetricalturbulent components a
well as across the asymmetrical gas diodes. SettingK1

5K2[K in Eqs.~9!–~11! yields

udp2,0u5K
rm

2
S Ṁ /rm

Spipe
D 2S 11

1

2«2D for u«u>1 ~13!

5K
rm

2
S Ṁ /rm

Spipe
D 2

@~112«2!sin21u«u13u«uA12«2#

p«2

for u«u<1. ~14!

This multiplicative enhancement of the steady-flow press
drop across a symmetrical turbulent component grows fr
near unity at smalluU1u though 3/2 atuU1u5Ṁ /rm toward a
linear asymptote of 4rmuU1u/pṀ at largeuU1u. The origin
of this increase is the fundamentally nonlinear nature of
bulent flow resistance: If the flow is described bydp(t)
5R@U(t)#n with nÞ1, then the extra pressure differen
caused by an increment of mass flow above the ave
valueṀ is not canceled when an equal decrement below
average occurs half a cycle later.

In the loop under investigation here, opposing the pr
sure differences of Eq.~10! that are generated at the two g
diodes is the time-averaged pressure gradient throughou
rest of the loop due toṀ flowing around the loop. To esti
mate this pressure gradient, one might expect37 that standard
equations of fluid mechanics, such as

dp

dx
52 f M

rm

2Dpipe
S Ṁ /rm

Spipe
D 2

, ~15!

could be used for the mean flow through the uniform-a
parts of the loop, whereDpipe is the pipe diameter andf M is
the Moody friction factor, which is given in most fluid me
chanics textbooks~e.g., Ref. 26!. Some of the calculated
curves presented below rely on this simple treatment of
mean flow in the loop. However, Eq.~15! describes nonlin-
ear, turbulent flow, so the arguments presented in the pr
ous paragraph suggest that Eq.~15! could significantly un-
derestimate the mean-flow resistance when oscillatory fl
is superimposed. Furthermore, the Moody friction factorf M

depends on velocity, so the constant-K analysis leading to
Eqs. ~13! and ~14! is not suitable. The appendix presents
derivation of expressions similar to Eqs.~13! and~14! taking
the velocity dependence off M into account; the result is Eqs
~A9! and ~A10!.
2930 J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W.
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To Eq. ~15! or Eqs. ~A9! and ~A10! for the time-
averaged pressure gradient along the uniform-diameter
tions of the pipe are added two pressure drops due to dra
the mean flow by the conical surfaces of the two g
diodes,32,38four pressure drops due to steady-flow minor lo
corrections in the four 90° elbows,34 and one pressure dro
due to steady-flow minor loss at the exit from the pipe to
mixing chamber; all of these may also be increased by n
zero uU1u according to the multiplicative enhancement
Eqs. ~13! and ~14!. These seven pressure drops typica
summed to about 50% of that of the uniform-diameter p
tions.

Setting the sum of the forcing pressures of the two g
diodes equal to the sum of all these opposing steady-fl
pressure drops allows one to findṀ . This must be done
numerically because of the complicated nature of the eq
tions. Qualitatively, Eq.~10! shows thatdp2,0

gd is proportional
to the square of the wave amplitude and Eq.~15! shows that
the opposing pressure gradient in the loop is nearly prop
tional to the square of the mean flow, so one can expect
the mean flow is roughly proportional to the wave amplitud

Again using the quasi-steady approximation, the aco
tic power consumed by a turbulent lumped element such
gas diode due to the oscillatory component of the fl
through it can be estimated using39

DĖ5
v

2p R
0

2p/v

dp~ t !uU1usinvt dt ~16!

5
v

2pS2 F E
t0

p/v2t0
K1

1

2
r~ uU1usinvt1Ṁ /r!2

3uU1usinvt dt2E
p/v2t0

2p/v1t0
K2

1

2
r~ uU1usinvt

1Ṁ /r!2

3uU1usinvt dtG . ~17!

This is a straightforward extension of the discussion near
~7.77! in Ref. 33. Again assuming that variables other that
itself are independent of time, performing the integra
yields39

DĖ52«K2

rmuU1u3

2S2 for «<21 ~18!

5
rmuU1u3

3pS2 ~K21K1!F S 11
«2

2 DA12«21
3

2
« sin21 «

2
K22K1

K21K1

3p«

4 G for u«u<1 ~19!

5«K1

rmuU1u3

2S2 for «>1. ~20!

We then usedp152DĖ/uU1u as an estimate of the first-orde
pressure difference caused by irreversible processes in
components.

As in Eqs.~9! and~10!, note the nontrivial« dependence
in Eqs.~18!–~20!, even ifK15K2 , indicating that acoustic-
Swift and S. Backhaus: Self-pumped thermoacoustic heat exchanger
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power dissipation in asymmetricalturbulent component is
increased by superimposed steady flow. This increas
given by a multiplicative factor

S 11
«2

2 DA12«21
3

2
« sin21 « for u«u<1, ~21!

3p

4
u«u for u«u>1 ~22!

if the component’sK is independent of velocity. The Mood
friction factor f M depends on velocity, so a more comp
cated analysis must be used to estimate the dissipatio
acoustic power in the straight portions of the pipe in t
presence of superimposed steady flow. The appendix
sents a derivation of expressions similar to Eqs.~18!–~20!
taking the velocity dependence off M into account; the resul
is Eqs.~A11! and ~A12!.

B. Experiments with nonzero mean flow

To quantitatively test forṀÞ0 as predicted in the pre
vious subsection, we operated the loop with the valve op
The effect of the mean flow on wave shape andp2,0 provided
indirect measurements ofṀ , and the heat carried byṀ pro-
vided a nearly direct measure. The water-cooled pipes w
most convenient for measurements of wave shape andp2,0,
because rapid equilibration to steady state enabled rapid
taking and because the spatial uniformity of temperat
yielded more confidence in calculations of the wave. M
surements with the heated and insulated pipes were use
detect heat carried byṀ .

With the valve open, the loop has the topology of
constricted annular resonator driven at one point, wh
complicated behavior has been described by Muehleisen
Atchley.40 Without constrictions or dissipation, the modes
such a resonator are degenerate: With the length of the
equal to one wavelength, standing waves of any spatial ph
and traveling waves of either direction satisfy the wave eq
tion and share a single resonance frequency. Referenc
shows that an area constriction eliminates the degene
splitting the resonance into a ‘‘high’’ standing-wave mo
and a ‘‘low’’ standing-wave mode. In the low mode, a velo
ity antinode is centered on the constriction, so the resona
frequency is reduced because of the increased inertanc
the constriction. In the high mode, a pressure antinode
centered on the constriction, so the resonance frequenc
increased by the reduced compliance of the constriction
the present experiment, the gas diodes are constrictions
the low mode is desired. The resonance condition descr
near Eq.~5! selects the low mode. Only 2 Hz higher in fre
quency, a weak local maximum inup1u at the gas diodes
suggests the presence of the high mode.

The steps at the gas diodes in the calculated curves
Im@p1# andp2,0 in Figs. 3~a! and 3~c! are based on Eqs.~19!

and ~10!, respectively, withS5Sgd and Ṁ50. These steps
and all other features of the curves, are in qualitative ag
ment with the measured pressures. Figure 6 shows co
sponding measurements and calculations forṀÞ0, with the
valve open at the top of the loop. The overall character of
J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W. Swift a
is

of

e-

n.

re

ata
e
-
to

e
nd
f
op
se
-
40
cy,

ce
of

is
is

In
nd

ed

or

e-
re-

e

wave is still that of a standing wave, as indicated by t
cosine shape of Re@p1# in Fig. 6~a!, for which measured and
calculated values are in good agreement. However, Im@p1#
changed dramatically when the valve was opened.

The solid lines in Figs. 6~a! and 6~b! represent the re-
sults of calculations using DeltaE, as described near the
ginning of Sec. II and with the steady-flow phenomena c
culated assuming that the mean and oscillatory compon
of the velocity are independent except at the gas dio
where they are linked through Eqs.~10! and ~19!. The dra-
matic disagreement between the experimental Im@p1# and
this calculation motivated us instead to model the Dopp
effects ~for which DeltaE cannot yet account! of opposite
signs in the nearly equal counterpropagating traveling-w
components of the standing wave. In the Doppler mod
implemented in a spreadsheet, we used

p15Ae2 ik1x1Beik2x, ~23!

U15
iS

vrm
S 11 im

2dn

D D ~2 ik1Ae2 ik1x1 ik2Beik2x!,

~24!

k65
v

a6Ṁ /rS
S 12 im

@dn1~g21!dk#

D
D , ~25!

wherek6 are the wave vectors for waves traveling with a
against41 the mean flow,A andB are the pressure amplitude
of those waves,dk is the thermal penetration depth, andi
5A21. With @dn1(g21)dk#/Dpipe50.005, the boundary-
layer approximation used in Eqs.~23!–~25! is well justified.
In the spreadsheet, the turbulence correction factorm is cal-
culated according to the algorithm used in DeltaE23 and de-
scribed near Eq.~7.26! in Ref. 33, but with an additiona
correction due to the superimposed steady flow given in E
~A15! and~A16!. For laminar flow,m51; for turbulent flow,
m.1. In the Doppler-model spreadsheet, each of the f
long runs of pipe was subdivided into eight pieces, and e
gas-diode cone into two pieces; further subdivision did
change the results. Equations~23! and ~24! were used for
wave propagation in each such piece, with continuity ofp1

and U1 joining solutions between pieces. As in the Delta
calculation, Eq.~19! was used for the minor-loss contributio
to dp1 across the gas diodes and Eqs.~10!, ~A10!, and the
discussion in the paragraph following Eq.~15! were used to
obtain Ṁ . ComplexU1 at x50 was used as an adjustab
parameter to ensure that complexp1(0)5p1(6.33 m). The
calculation’s gas temperature, which was constant along
pipe, could also be adjusted slightly above the experime
value to enforce Im@U1(0)#5Im@U1(6.33 m)#, corresponding
to our operational definition of resonance, but this adju
ment had a negligible effect. The result, shown as the das
lines in Figs. 6~a! and 6~b!, displays Re@p1# and Im@p1# in
agreement with the experimental values. The agreement
tween this calculation and the measurements strongly s
gests that the Doppler effect is primarily responsible for
large values of Im@p1#.

To consider this effect in more detail, notice that t
measured Im@p1# in Fig. 6~a! is not left-right antisymmetric;
the depth of the minimum nearx54.8 m exceeds the heigh
2931nd S. Backhaus: Self-pumped thermoacoustic heat exchanger
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FIG. 6. ~a!–~c! A typical wave, with 2.4-MPa argon at 48.1 Hz, using th

water-cooled pipes and with the valve open to allowṀÞ0. The two gas
diodes were oriented to encourage flow in the positive-x direction, with their
small ends toward smallerx. ~a! Real and imaginary parts of the pressu
wave as a function of position around the loop. Points are measured v
and lines are calculations.~b! Calculated real, imaginary, and mean parts
the volume velocity. In~a! and ~b!, the standing-wave components are
much larger than the out-of-phase components that the latter have
multiplied by 3 for clarity. The zero of phase is chosen so that the pres
oscillations in the mixing chamber are real.~c! The time-averaged pressur
as a function of position, relative to its value in the mixing chamber. Po
are measured values and lines are calculations. The two vertical dotted
are at the small-x, small-diameter ends of the gas diodes.~d! Temperature as
a function of position around the loop, with the insulated pipes and
2 W/°C insulation, under conditions similar to that of~a!–~c!. Filled sym-
bols are temperatures measured on the metal surface of the loop and
symbols are temperatures measured in the gas. Gas temperatures ax50
andx56.33 m are those at five locations in the mixing chamber. Circles
electric heat. Squares, 79 W electric heat. Erect triangles, 167 W ele
heat. Inverted triangles, 252 W electric heat. The curves represent calcu
estimates corresponding to the erect triangles.
2932 J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W.
of the maximum nearx51.6 m. This downward shift re-
sembles that of theṀ50 data in Fig. 3~a!, where Im@p1#
,0 is associated with the flow of acoustic power into t
loop from both ends. To more clearly distinguish the effect
ṀÞ0 from that of the acoustic power flow, in Fig. 7 w
display the difference betweenṀÞ0 and Ṁ50 measure-
ments of Im@p1# at the four pressure transducers closest to
two gas diodes, at five different pressure amplitudes. T
subtraction brings the results at the four transducers
agreement with one another, and plotting these against
3/2 power of the wave amplitude yields a reasonably stra
line. We do not understand whyṀÞ0 should contribute to
Im@p1# in proportion to the 3/2 power of the wave amplitud

Our spreadsheet-based Doppler calculations, also
played in Fig. 7, show the difference between Im@p1# when
ṀÞ0 andṀ50 more nearly proportional to the square
the wave amplitude. The difference between calculated
measured Im@p1# in Fig. 7 might simply be due toṀ depend-
ing on physics that we do not understand. However, o
other candidate is apparent: Both the calculations and
measurements forṀÞ0 displayed a remarkably strong de
pendence of Im@p1# on frequency as frequency was chang
away from resonance. Both rose with frequency; measu
values rose about 30% per Hz and calculated values a
40% per Hz. Hence, some of the difference between ca
lations and measurements in Fig. 7 could be a sm
amplitude-dependent error or ambiguity about what rea
constitutes resonance frequency or what gas tempera
should be used in the calculations.

With such an imperfect understanding of Im@p1#, we
cannot be confident in the accuracy of Re@U1# in Fig. 6~b!.
However, Re@p1# appears to be well understood, and hen
we should have confidence in the calculation of Im@U1#
} dRe@p1#/dx, which is the dominant part of the volume
velocity wave. The time-averaged pressure difference ac
the gas diodes and the resulting mean flow are due touU1u2

es
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FIG. 7. The part of Im@p1# near the gas diodes that is associated withṀ
Þ0, as a function of the amplitude of the wave. The horizontal axis is
amplitude of the pressure oscillation in the mixing chamber, raised to the
power. The four sets of symbols~measurements! and the four curves~cal-
culations! correspond to the four pressure transducers closest to the two
diodes. The measurements were taken with the water-cooled pipes.
Swift and S. Backhaus: Self-pumped thermoacoustic heat exchanger
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at the gas diodes, where Re@U1# is negligible.
Hence, uncertainty about Im@p1# in Fig. 6~a! has a neg-

ligible effect on the calculated curve forp2,0 in Fig. 6~c!. The
measured and calculated values ofp2,0 are in reasonable
agreement. Table I shows the magnitudes of various co
butions to the calculated curve. As in Fig. 3~c!, the largest
contributor is the reversible effect expressed by Eq.~1!, so
the agreement between measurements and calculation
that aspect of Fig. 6~c! strengthens confidence in our know
edge ofuU1u. The steps inp2,0 at the gas diodes are small
than they were in Fig. 3~c!, reflecting the« dependence in
Eq. ~10!. The measured steps at the gas diodes appear
nificantly smaller than the calculations.

Closer examination of the time-averaged pressure dif
ence across the gas diodes was challenging. Initially,
transducers closest to the gas diodes were simply installe
the pipes with their tips retracted slightly from the pipe inn
surface, as suggested in Ref. 42. The most linear transdu
were selected from our inventory, so that time-averaged v
age would have no significant contribution from oscillati
pressure interacting with transducer nonlinearity;42 we esti-
mate that this effect is less than 10 Pa for any conditi
encountered in these measurements. Nevertheless, follo
the measurement procedure described just above Eq.~1! and
swapping transducers from place to place showed system
errors as large as 0.7 kPa. We suspected that the temper
dependence of the transducers’ offset voltages might be
sponsible, because the sensing element of the transd
might be at one temperature when the sound was on
another when it was off. Hence, we separated the transdu
from the pipe by the 4 cm capillaries described in Sec.
~The end-to-end time-averaged pressure difference in e
capillary, due to nonlinear acoustics in the capillary and m
nor losses at its ends,42 is estimated to be,5 Pa.) We also
reduced the transducer bias voltage to 2.5 V instead of
manufacturer’s recommended 10 V in a further attempt
keep the transducers near room temperature whether
sound wave was on or off. From among our most line
transducers, we also selected two with the lowest offs
voltage temperature dependence and used them for all m
surements. Despite these efforts, swapping transducers
place to place and repeating experimental conditions s
gests that a systematic error of;0.2 kPa remains.~Random
uncertainty associated with reading the voltmeter
;0.1 kPa.)

With all these instrumental precautions, measureme

TABLE I. Contributions top2,0 in Fig. 6.

Each 3mult5 net

Reversible:
Pipe, Eq.~1! 65.0 kPa 325 0.00 kPa

Cones, Eq.~1! 610.0 kPa 325 0.00 kPa
Irreversible:

Gas diodes 11.68 kPa 325 13.36 kPa
Pipe 22.30 kPa

Cones 20.28 kPa 325 20.56 kPa
Elbows 20.085 kPa 345 20.34 kPa

Exit to mix. ch. 20.16 kPa
Total: 0.00 kPa
J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W. Swift a
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of the time-averaged pressure differences across the ga
odes are shown in Fig. 8 as a function of the square of
wave amplitude. Filled symbols represent measureme
with the valve closed; open symbols, the valve open. Pair
data with the same symbols indicate a top-to-bottom in
change of the transducers, all other conditions being eq
displaying a lower bound of;0.2 kPa on the remaining sys
tematic uncertainty in the measurements.

The line in Fig. 8 corresponding to theṀ50 measure-
ments was calculated using Eq.~10!. The line corresponding
to the ṀÞ0 measurements is the calculated value ofdp2,0

between the pressure transducers nearest to the gas d
which is mostly due to Eq.~10! but with a typically 20%
contribution from the impedance of the cone to steady flo
The quadratic dependence ofdp2,0 on up1u in Fig. 8 corre-
sponds to the quadratic dependence ofdp2,0 on uU1u in Eq.
~10!. However, the experimental magnitudes are significan
less than those predicted by Eq.~10! with the values forK2

andK1 given below Eq.~11!. Distracted for weeks by sys
tematic errors arising from transducer imperfections, we
not at first recognize that this significant disagreement pr
ably arises from an important hydrodynamic phenomen
The time-averaged pressure change across the small en
each diode, indicated by the dotted vertical line segment
Figs. 3~c! and 6~c!, is not sharply localized at the end of th
diode. The pressure transducer 4.8 cm from the small en
the diode is actually located within the pressure-change zo
Subsequent measurements with the transducer 1.3 cm
the small end of the diode yielded measureddp2,0 almost
twice as large, and moving the transducer to 8.3 cm aw
from the end of the diode reduced the measureddp2,0 sig-
nificantly. This entire range of locations is probably with
the zone of vortex formation, lateral spatial nonuniformi
and pressure recovery when the gas flows out of the sm
end of the diode, because these locations are within the
stroke lengths 2uU1u/vSgd525 cm and 2uU1u/vSpipe

510 cm.

FIG. 8. Time-averaged pressure difference across the gas diodes as a
tion of the normalized square of the amplitude of the oscillating pressur
the mixing chamber. Filled symbols, valve closed. Open symbols, va
open. Erect triangles, gas diode nearx51.6 m. Inverted triangles, gas diod
nearx54.8 m. Lines, corresponding calculations using Eq.~10! ~plus, for
the lower line, the small calculated steady-flow pressure difference ac
the cone and pipe segments between the pressure transducers!.
2933nd S. Backhaus: Self-pumped thermoacoustic heat exchanger
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Tentative conclusions can be drawn from Fig. 8 desp
these uncertainties. The time-averaged pressure differ
across the gas diodes is smaller with the valve open t
with the valve closed, corresponding to the calculated red
tion arising from«Þ0 in Eq. ~10!. The measured and calcu
lated closed-open differences are in quantitative agreem
suggesting that the measured closed-open pressure diffe

might be a useful, quantitative measure ofṀÞ0 via the«
dependence in Eq.~10!. However, the gas diode nearx
54.8 m was always stronger than the diode nearx51.6 m.
Swapping diodes, pipes, and/or transducers indicated
this phenomenon was not an artifact of hardware imper
tions; it was associated with the diodes’ locations and ori
tations in the acoustic wave. This is evidence of behav
beyond the quasi-steady approximation.

While Figs. 7 and 8 show indirect, pressure-based e
dence of nonzero mass flow around the loop when the v
is open, temperature-based measurements such as sho
Fig. 6~d! provide direct evidence. Figure 6~d! shows typical
appearances of measurements of temperature as a functi

position around the loop withṀÞ0. The temperature rise
as the gas moves around the loop in the positive-x direction,
receiving more and more heat from the electric heaters
from dissipation of acoustic power. For the erect triangl
two curves roughly illustrate the physics that we believe
most important for the appearance of the data. The das
curve shows a rough estimate of the gas temperature
function of x. Its slope is nonzero in the four electrical
heated regions of the loop and is zero in the unheated reg
near the ends of the loop, the valve, and the gas dio
However, the measurements of temperature were mad
the metal pipe, not in the gas; the difference between the
and gas temperatures must be proportional to the local ra
heat transfer from pipe to gas and inversely proportiona
the local pipe-to-gas heat-transfer coefficient. The so
curve in Fig. 6~d! shows a rough estimate of the pipe tem
perature, calculated using a Nusselt number14 of
0.02@NR(x)#0.8, with the Reynolds numberNR based on the
square root of the sum of the squares of the mean velo
and thex-dependent rms oscillatory velocity. This rough e
timate seems to capture the main qualititative features of
data, presumably because the heat-transfer coefficien
highest near the gas diodes where the oscillatory velocit
highest.

The symbols in Fig. 9 represent steady flows inferr
from data such as those in Fig. 6~d!, independent of the de
tails of the pipe-to-gas heat-transfer model. These mass fl

are obtained fromQ̇5ṀcpDT, where cp5520 J/kg °C is

the isobaric specific heat of argon andQ̇ andDT are the heat

input and temperature rise obtained from measurements.Q̇ is
the electric power applied to the loop, minus an estimate
the heat leak through the insulation, plus an estimate of
acoustic power dissipated in the loop. The heat-leak cor
tion varied from 8% to 20% for most of the data, but w
25% and 38% for the points at 50 and 25 kPa, respectiv
The acoustic-power correction varied from 1% at the low
amplitude through 10%–20% in the middle amplitudes
30% and 60% for the measurements at 227 and 238
2934 J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W.
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respectively. This correction used the measured pis
power, with an estimate of the small dissipation due
blowby and heat-exchanger impedance subtracted.
circles in Fig. 9 represent measurements with the loop a
age temperature in the range 43– 47 °C and the tempera
rise around the loop in the range 13– 17 °C. The triang
represent measurements with higher heats and temperat
with the loop average temperature in the range 57– 60
and the temperature rise around the loop in the ra
20– 24 °C. Hence, the acoustic-power correction was a m
larger fraction of the total power for the circles than for t
triangles, and the fact that these two sets of measurem
are well aligned in Fig. 9 indicates that the acoustic-pow
correction is not unreasonable. The open symbols in Fig
are based on the full power as described above and the
temperature rise around the loop fromx50.14 m to x
56.19 m, using thermocouples that were not on the elec
cally heated portions of the loop. The filled symbols a
based on half of the power and a temperature rise equa
the difference between the average temperature of ther
couples in the range 3.5 m<x<6.1 m and those in the rang
0.3 m<x<2.8 m. The highest measured mass flow is
gm/s. The total mass of argon in the loop is only 95 gm,
the mean flow clears the entire loop every 2 s at thehighest
acoustic amplitude.

The two lines in Fig. 9 are two attempts to model t
mass flow as a function of amplitude. The solid line rep
sents the results of calculations assuming that the mean
and the acoustic oscillations are independent, except at
gas diodes where Eq.~10! couples them. The resistance
the loop to mean flow is calculated using Eq.~15!, a similar
expression for the cone resistance, and small additions
the elbows and the mixing-chamber entrance. Thus, the s
line corresponds to the solid curves in Fig. 6. This calcu
tion overestimates the mean flow, so it must overestimate
strength of the diodes or underestimate the mean-flow re
tance of the rest of the loop. The dashed curve repres
calculations also using Eq.~10! for the gas diodes but taking
more complicated interactions between the steady and o

FIG. 9. Mass flow around the loop as a function of pressure amplitude in
mixing chamber. Symbols are based on measured electric heat and tem
ture rise, with the insulated pipes and the 1.15 W/°C insulation. Lines
resent calculations, based on two different sets of assumptions.
Swift and S. Backhaus: Self-pumped thermoacoustic heat exchanger
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lating flows into account elsewhere, including the Dopp
effect of the mean flow on the oscillations and the enhan
ment of the mean-flow resistance by the oscillations as
scribed in the appendix. This calculation underestimates
mean flow, so it is likely that the derivation in the append
overestimates the effect of the oscillations on the mean-fl
resistance.

C. Acoustic power consumption

Measurements of the acoustic power delivered by
piston,Ėpist, are shown in Fig. 10. The data are plotted a
function of the cube of the pressure amplitude, because
~19! indicates that the acoustic power consumed by the
odes is proportional to the cube of the volume-velocity a
plitude and the turbulent dissipation of acoustic power in
pipes, as in Eqs.~A11! and ~A12!, would be proportional to
the cube of the volume-velocity amplitude iff M were inde-
pendent of velocity. The data fall on a curve that is sligh
concave downwards, indicating a dependence on ampli
slightly weaker than the cubic. Measured piston power w
Ṁ50 is indicated by the inverted triangles, andṀÞ0 is
indicated by the erect triangles.

Two sets of curves in Fig. 10 represent the results
calculations using the Doppler mathematics with Eq.~19! for
the dissipation of acoustic power by the diodes and E
~A11! and~A12! for the dissipation of acoustic power in th
pipes. Although the total calculated power is in reasona
agreement with the measured power, the calculations sho
significant difference in piston power betweenṀ50 and
ṀÞ0 that was not observed. The difference in the calcula
values arises from the dependence of Eq.~19! on Ṁ ; the
diode should require less acoustic power whenṀÞ0. We do
not understand why this difference does not appear in
measurements.

It is natural to consider the efficiency of an isolated g
diode as a pump. The power that it delivers to the mean fl

FIG. 10. Acoustic power as a function of the cube of the pressure ampli
in the mixing chamber. Symbols are measured acoustic power delivere
the piston. Experimental uncertainties are about 2%. Erect triangles, v
open; inverted triangles, valve closed. Lines are calculated acoustic p
dissipation due to several sources. Short dashed lines, valve closed;
dashed lines, valve open.
J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004 G. W. Swift a
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is dp2,0
gdṀ /rm , while the power it consumes isDĖgd. The

ratio of these, obtained from Eqs.~10! and ~19!, is the effi-
ciency of the pump itself, shown in Fig. 11.~The efficiency
of the entire circulating system, where the heat-transfer
face area necessarily consumes additional acoustic powe
lower.! Equations~10! and ~19! show that the pump effi-
ciency is a function only of« and of b5(K22K1)/(K2

1K1). For the experiments described here,«;0.2 andb
50.80, so the efficiency is only about 10%. It seems like
that gas diodes withb as high as about 0.90 are possib
yielding efficiencies as high as 20%.

Figure 11 indicates the importance of working near t
optimal «. For a given, desiredṀ and a givenup1u at the
trunk, this specifies the pipe area. Minimizing mean-flow a
acoustic losses then suggests a single pipe with circular c
section. If the pipe area is large, the gas diode itself
consist of a plate with many conical holes in parallel, so t
their taper angle can remain narrow while their length
short. Considerations of heat-transfer surface area and ac
tic techniques to minimize dissipation43 may call for
x-dependent cross-sectional area along the pipe and for
division of parts of the loop into several parallel pipes.

IV. CONCLUSIONS

Gas diodes properly located in a resonant loop of pip
can cause a substantial mean flow, which in turn can ca
substantial heat. For example, nearṀ550 gm/s this loop
carried 400 W of heat from the electric heaters to the mix
chamber, the gas temperature rising only 25 °C along
circumference of the loop. Helium is more commonly us
than argon in thermoacoustic and Stirling engines and ref
erators. Straightforward similitude scaling44 of the 50 gm/s
operating point to a 3 MPa, 80 Hz helium loop with tota
length 12.6 m and pipe diameter 4.4 cm shows that with
same temperature profile it would carry 6 kW, an order
magnitude that is of interest for many potential applicatio

Whether this concept will find use in such applicatio
will depend in part on economic trade-offs between the l
fabrication costs and high reliability of this design and t
lower acoustic power consumption of traditional heat e

e
by
ve
er
ng

FIG. 11. The calculated energy efficiency of the gas-diode pump as a f

tion of «5Ṁ /rmuU1u andb5(K22K1)/(K21K1).
2935nd S. Backhaus: Self-pumped thermoacoustic heat exchanger
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changers. However, engineering design based on the i
presented here is already showing ways to reduce the ac
tic power consumption without compromising simplicity.45

The steady flow created by gas diodes in a resonant
can be detected by its effect on the acoustic wave and
time-average pressure, as well as by the heat that it car
The quasi-steady approximation yields results in rou
agreement with such measurements. However, many in
esting fundamental questions and areas for further rese
remain. The mutual influence of turbulent mean and osci
tory flows is a theoretical and experimental challenge;
quasi-steady approximation used here is clearly inadequ
Near the diodes, dense arrays of better pressure transd
will illuminate interesting physics of vortex rollup, dissipa
tion, and pressure recovery at the small end of the diode
will answer very basic questions such as what angle suffi
to prevent separation in the cone for flow out of the large e
of the diode. Also, details of the three-dimensional mean
oscillatory velocity fields in the mixing chamber, and th
associated dependence of temperature on position and
promise to be very interesting to explore and to underst
in a way that leads to uniform heat transfer to or from t
face of a stack or regenerator.
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APPENDIX: QUASI-STEADY APPROXIMATION WITH
REYNOLDS-DEPENDENT FRICTION FACTOR

To account for superimposed turbulent steady flow a
turbulent oscillatory flow in a pipe of diameterD and cross-
sectional areaS in the quasi-steady approximation, the d
pendence of the Moody friction factorf M on velocity should
be taken into account.

If the volume flow rateU and hence the Reynolds num
ber NR vary sinusoidally in time, without an additive con
stant, then the instantaneous friction factorf M(t) has a com-
plicated time dependence, which has been approximated23,33

by using a Taylor-series expansion around the peak Reyn
numberuNR,1u

f M~ t !. f M1
d fM

dNR
uNR,1u~ usinvtu21!, ~A1!
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whered fM /dNR and f M on the right side are evaluated at th
peak Reynolds number. Integrating the instantaneous po
dissipation over a full cycle yields the time-averaged dis
pation of acoustic power per unit length arising fro
1
2 Re@(dp1 /dx)Ũ1#

dĖ

dx
52

2rmuU1u3

3pDS2 F f M2S 12
9p

32D uNR,1u
d fM

dNR
G , ~A2!

where f M andd fM /dNR are evaluated at the peak Reynol
numberuNR,1u. ~Note thatd fM /dNR is negative.!

It is straightforward to extend this approach to t
present case of superimposed steady and oscillatory flow
which

U~ t !5Ṁ /rm1uU1usinvt. ~A3!

The time-dependent friction factor is written as

f M~ t !. f M ,max1
d fM

dNR

NR,maxS uṀ /rm1uU1usinvtu

uṀ /rmu1uU1u
21D ,

~A4!

where f M ,max and d fM /dNR are evaluated at the maximum
Reynolds number

NR,max5
~ uṀ /rmu1uU1u!Drm

Sm
. ~A5!

Then the instantaneous pressure gradient is taken to be

dp

dx
56 f M~ t !

rm

2D

@U~ t !#2

S2 ~A6!

with the sign chosen so that the pressure gradient opp
the flow at that instant. The time-averaged pressure grad
is obtained by evaluating

dp2,0

dx
5

v

2p E
0

2p/v dp

dx
dt ~A7!

and the dissipation of acoustic power per unit length is
tained by evaluating

dĖ

dx
5

v

2p E
0

2p/v dp

dx
uU1usinvt dt. ~A8!

The integrations are performed piecewise between the
crossings ofU(t) if they exist, as in Eqs.~8! and~17!. With
«5Ṁ /rmuU1u, the results are
dp2,0

dx
52sign~«!

Ṁ2

2rmDS2 F S 11
1

2«2D f M ,max2
2«222u«u11

2«2~11u«u!
d fM

dNR
NR,maxG , u«u>1 ~A9!

52sign~«!
Ṁ2

2rmDS2 F ~112«2!sin21u«u13u«uA12«2

p«2 f M ,max

1
pu«u~3/21«2!23u«u~11u«u!A12«22~11u«u!~112«2!sin21u«u

p«2~11u«u!
d fM

dNR
NR,maxG , u«u<1 ~A10!
Swift and S. Backhaus: Self-pumped thermoacoustic heat exchanger
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dĖ

dx
52

rmuU1u3

2DS2 F u«u f M ,max

1
~322u«u!~122u«u!

8~11u«u!
d fM

dNR
NR,maxG , u«u>1 ~A11!

52
2rmuU1u3

3pDS2 H F S 11
«2

2 DA12«21
3

2
« sin21 «G f M ,max

2F S 11
«2

2 DA12«21
3

2
« sin21 «2

9p

32

114«2

11u«u G
3

d fM

dNR
NR,maxJ , u«u<1. ~A12!

Equations~A9!–~A12! reduce to Eqs.~13!, ~14! and ~18!–
~20! for d fM /dNR50 if f M dx/D is associated withK.
Equation~A12! reduces to Eq.~A2! if «50.

Viscous power dissipation can be written asdĖ/dx5
2r nuU1u2/2, wherer n is the resistance per unit length, su
gesting that Eqs.~A11!–~A12! should be expressed as

r n,turb5
rmuU1u

DS2 F u«u f M ,max

1
~322u«u!~122u«u!

8~11u«u!
d fM

dNR
NR,maxG , u«u>1

~A13!

5
4rmuU1u
3pDS2 H F S 11

«2

2 DA12«21
3

2
« sin21 «G f M ,max

2F S 11
«2

2 DA12«21
3

2
« sin21 «2

9p

32

114«2

11u«u G
3

d fM

dNR
NR,maxJ , u«u<1. ~A14!

When this is compared to the equivalent result for lami
flow in the boundary-layer approximation,33 it is apparent
that this model of turbulence multiplies the power dissipat
dĖ/dx and the resistance per unit length by a factor

m5
dnNR,max

4D F u«u f M ,max

1
~322u«u!~122u«u!

8~11u«u!
d fM

dNR
NR,maxG , u«u>1 ~A15!

5
dnNR,max

3pD H F S 11
«2

2 DA12«21
3

2
« sin21 «G f M ,max

2F S 11
«2

2 DA12«21
3

2
« sin21 «2

9p

32

114«2

11u«u G
3

d fM

dNR
NR,maxJ , u«u<1. ~A16!

At low enough velocities,m→1; at lower velocities the flow
is laminar. Them51 boundary between the laminar and tu
bulent zones occurs roughly at
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uNR,maxu.2000 for D/dn,4, ~A17!

uNR,maxu
D/dn

.500 for D/dn.4. ~A18!
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